1. Introduction 1.1. In an interesting recent paper [1] , Acharya proved that the stress produced by a spatially uniform dislocation density field in a body comprising a nonlinear elastic material may fail to vanish under no loads. The class of counterexamples constructed in [1] is essentially 2dimensional: it works with the subgroup O(2) ⊕ Id ⊂ O (3) . The objective of this note is to extend Acharya's result in [1] to the whole O(3). For a matrix field M = {M i j } 1≤i,j≤m : Ω → gl(3; R), its curl and divergence are understood in the row-wise sense. In local coordinates it means the following: for each i, j, k, ℓ ∈ {1, 2, 3}, curl M is the 2-tensor field
where (k, ℓ, j) is an even permutation of (1, 2, 3), and div M is the vectorfield
1.3. Differential Equations. In the above setting, the governing equations for the internal stress field in the body subject to the Cauchy stress field T(F) was derived by Willis in [6] . See also Eq. (3) in [1] :
Here α is a prescribed constant matrix. This PDE system is considered under the following 
The proof in [1] follows from concrete computations: with the ansatz (2), Eq. (1) reduces to a system of algebraic equations for sin θ and cos θ only, which is not soluble unless α ≡ 0.
1.4. Mechanics. In the terminologies of continuum mechanics, Theorem 1.2 means that in the nonlinear regime, there is no C 2 -stress-free spatially uniform dislocation density field, unless such uniform dislocation density is everywhere vanishing.
Various dislocation distributions producing no stress have been observed in the limit of continuum elastic descriptions (cf. Mura [4] , Head-Howison-Ockendon-Tighe [3] , Yavari-Goriely [7] , etc.). This is the background for our work. In this note, we aim to further the investigation by Acharya [1] in the nonlinear regime.
Main Result
The main theorem of the paper is the following: Theorem 2.1 agrees with the linear case. The following arguments are essentially taken from Section 3 in [1] , though interpreted slightly differently. When U := F − Id is uniformly small, set C := DT(I). The matrix field U is known as the elastic distortion, and the rank-4 tensor field C is known as the elastic modulus. Then the linearised system for Eq. (1) is
By Kirchhoff's uniqueness theorem for linear elastostatics, the symmetric part
Proof
Proof of Theorem 2.1. Throughout the proof we denote by W 1 , W 2 , W 3 the row-vectorfields of the matrix field W. Also, let α be the field of differential 2-forms dual to α, namely
Thus, by Hodge duality, the first equation in Eq. (1) becomes
which is an identity of 2-forms. Here and hereafter, we identify W i with a 1-form (not relabelled).
Under Assumption 1.1 the second and the third equations in Eq. (1) are satisfied automatically. So it remains to solve for Eq. (4) in the space of O(3)-valued matrix fields.
Recall that the divergence operator acting on differential 1-forms on Ω ⊂ R 3 is nothing but the codifferential d * := ⋆d⋆ (where ⋆ is the Hodge star operator); we put
where D i is a scalar field for each i. Since the Laplacian can be expressed by
we have
By duality again, the above equation means that ∆W i = ∇D i , the gradient of D i .
We are looking for C 2 -solutions for W. Then D is C 1 , hence the boundary value D ∂Ω is assumed in the classical sense. By Tietze extension lemma one may extend D i to a function gl(3; R) ). Let us consider for each i ∈ {1, 2, 3}:
Then " W is unique by Liouville's theorem. It follows that
To summarise, we can solve for W using the fundamental solution in the whole space R 3 , and then restrict to the bounded domain Ω, up to modification by m. Now, invoke the following explicit representation formula (see, e.g., [5] ):
, there is no problem of convergence of the integral on the right-hand side of Eq. (9). This yields W ∈ C 1 (Ω, O(3) ).
To conclude the proof, let us put together Eqs. (4) and (9). Since m is a constant matrix, we have
where the exterior differentials d x , d y are taken with respect to the x and y variables, respectively. Utilising the dominated convergence theorem and the duality between vectorfields and 1-forms, one may easily infer that
As usual, ǫ αβγ is the Levi-Civita symbol (a.k.a. the alternating tensor). But the left-hand side of Eq. (10) is independent of x. So, sending |x| → ∞ on the right-hand side and noticing ∇ β " D i ∈ C 0 c (R 3 ), we conclude that α ≡ 0. The proof is now complete.
Remarks
The ansatz (2) in Theorem 1.2 satisfies div R θ ≡ 0. Thus D = 0 in the proof of Theorem 2.1; see Eq. (5) therein. So we obtain an alternative proof of Theorem 1.2 by noting that ∆W = 0 in Eq. (6) .
It would be interesting to consider the same problem for Ω being a 3-dimensional manifold, which falls into the framework of incompatible (nonEuclidean) elasticity. Also, the case of lower regularity (namely, F or W is non-C 2 ) calls for further investigation.
Finally, the mechanical problem considered in this paper may have deep underlying geometrical connotations. In particular, it is related to constructions for coframes with prescribed (closed) differential. See Bryant-Clelland [2] for analyses via exterior differential systems.
